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Abstract 

Let G be a discrete Coxeter group, G"*" its alternating subgroup and the spinor cover of G"*". 
A presentation of the groups G+ and G+ is proved for an arbitrary Coxeter system (G, 5); the 
generators are related to edges of the Coxeter graph. Results of the Coxeter-Todd algorithm - with 
this presentation - for the chains of alternating groups of types A, B and D are given. 

1. Introduction 

Let (G, S) be a Coxeter system and G"^ the alternating subgroup of G. A presentation of by 
generators and relations is given, as an exercise, in [1]. One (arbitrary) vertex in the Coxeter graph is 
distinguished in this presentation. 

For the Coxeter groups of type A (that is, symmetric groups) the standard Artin presentation 
equips the chain of symmetric groups with a structure of a local and stationary chain of groups. The 
representation theory of the chain of symmetric groups was revisited in [8]. It was emphasized in 
[8] that the method developed there for the representation theory of the symmetric groups could be 
hopefully relevant for a wider class of local and stationary chains of groups or algebras (see jllj for 
the definition of locality and stationarity) . For type A, the Bourbaki presentation of the chain of the 
alternating groups is not local. 

A discrete Coxeter group G is a subgroup of an orthogonal group O; the spin cover of O restricts 
to a central extension G of G. A presentation of G can be found in [7J. The subgroup G'^ of a 
discrete Coxeter group G inherits as well a central (spinor) extension G+. In general, there are 
central extensions of alternating groups different from the spinor ones (see [6] for Schur multipliers of 
alternating subgroups of finite Coxeter groups and for a presentation a la Bourbaki). 

We suggest another presentation of the groups G+ and G'^ for an arbitrary Coxeter system (G, S). 
In the Bourbaki presentation the generators are indexed by vertices (except the distinguished one) 
of the Coxeter graph. In our presentation the generators are indexed by edges of the Coxeter graph. 
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For type A our presentations of the chains of the groups and A'^ are local and stationary. For 
the chain of the groups A^ a similar (but not exactly the same) presentation was given in |12| and it 
was asked there how to generalize this presentation to all alternating groups. For types B and D, our 
presentations of the chains of groups B^, B^, and are local and eventually stationary (that 
is, stationary for n ^ uq for a certain no). 

The group A^ has a presentation referred to as Carmichael presentation in [3j. We interpret this 
presentation geometrically: here one distinguishes an oriented edge in the Coxeter graph. With this 
interpretation there are analogues of the Carmichael generators for other Coxeter systems. In general, 
these elements generate a subgroup of G"^. However for type B (with an appropriate choice of a 
distinguished oriented edge) and type D the whole group G"*" is obtained. We give defining relations 
for these sets of generators of B^ and D^. 

The paper is organized as follows. In Section [2] we obtain the presentation of the alternating 
subgroup for a Coxeter system {G,S). We first deal with irreducible Coxeter systems. Then we 
generalize the presentation to arbitrary Coxeter systems by introducing a connected extension of the 
Coxeter graph. Section [3] is devoted to the presentation of the group for an arbitrary Coxeter 
system (G,S). One can give presentations - with generators related to edges of the Coxeter graph 
- for all central extensions of the alternating subgroups of finite Coxeter groups. We illustrate it on 
two examples: A'^ and Ag . In Section [J] we give results of the Coxeter-Todd algorithm for three 
presentations - the Bourbaki one, our presentation which refers to edges and the presentation a la 
Carmichael - of the alternating groups of types A, B and D. 

In the text whenever a product vrcj of two permutations appears we assume that a is applied first 
and then vr; for example, (1,2)(2,3) = (1,2,3). 



2. Alternating subgroups of Coxeter groups 

1. Let {G,S) be a Coxeter system: S is the set of generators, S = {sq, . . . , Sn-i}', the defining 
relations are encoded by a symmetric matrix m = (mjj)ij=o,i,...,n-i with ma = 1 and 2 < rriij € NUoo: 

G := { so,...,Sn-i I (siSj)™'^ = 1 for i, j = 0, 1,... ,n- 1, i ^ j ) . (1) 

This presentation of G can be expressed with the help of a Coxeter graph: its vertices are in one-to-one 
correspondence with the generators sq, . . . , Sn-i and are indexed by the subscripts 0, 1, . . . , n — 1; the 
vertex i is connected to the vertex j if and only if mij > 3; the edge between i and j is labeled by the 
number rriij if rriij > 3 (for brevity, in the sequel we draw a simple line for an edge labeled by 3 and 
a double line for an edge labeled by 4). We denote the Coxeter graph corresponding to the Coxeter 
system {G, S) by G. 

The sign character is the unique homomorphism e : G ^ 1} such that e(sj) = —1 for 

i = 0, . . . , n — 1. Its kernel G"*" := ker(e) is called the alternating subgroup of G. Recall the Bourbaki 
[U presentation of G~^, see [2] for a proof. The alternating group G"*" is isomorphic to the group 
generated hy Ri, . . . , Rn-i with the defining relations: 

C=l fori = l,...,n-l, 

{R^^Rj)'^'i =1 for i,j = 1, . . . ,n - I such that i < j. 
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The isomorphism with is given by Ri i— )> SQSi for i = l,...,n — 1. The Bourbaki presentation of 
the alternating group depends on the choice of a generator carrying the subscript 0. 

2. In this paragraph, we assume that the Coxeter system (G, S) is irreducible (that is, the Coxeter 
graph Q is connected). We give a presentation of in terms of generators corresponding to the 
edges of the Coxeter graph; no vertex in the Coxeter graph is distinguished. In the next paragraph 
this presentation will be generalized to arbitrary Coxeter systems. 

The presentation uses an orientation - chosen arbitrarily - of edges of the Coxeter graph. For 
concreteness, if there is an edge between i and j with i < j, we orient it from i to j. We associate a 
generator Vij to every oriented edge, that is, to every pair (i, j), i, j = 0, . . . , n — 1, such that i < j 
and rriij / 2. For a generator rtj we denote by rji the inverse, rji := r^-^. 

Definition 2.1 Two generators rij and ri^y^ are said to he not connected if H {l,m\ = and 
there is no edge connecting any of the vertices {i,j} with any of the vertices {l,m}. 

Proposition 2.2 Let {G, S) be an irreducible Coxeter system with a Coxeter matrix m. The alter- 
nating subgroup G^ of G is isomorphic to the group with generators rij and the defining relations 

' {rij)"^"-^ = 1 for all generators r^j, (3) 

Tinri^i^ . . . ri^i = 1 for cycles with edges {iii), (^122) • • • , {iai), (4) 

{rijrjkf' = 1 for rij,rjk such that i < k and = 2, (5) 

{rijTjkrklf = 1 for rij,rjk,rki such that i < I and mu = 2, (6) 

^fij'i'lm = '''imT^ij for r^j and rim which are not connected. (7) 

Let ci, . . . , C[ be a set of generators of the fundamental group of Q. In the set of the defining relations 
it is sufficient to impose the relation (jl]) for the cycles Ca, a = 1, . . . , l. If G is finite, its Coxeter graph 
has no cycles so the relation dH is not needed. 

Proof of the Proposition. Let be the group generated by r^j with the defining relations ©-([T]). 
Define the map (j) from the set of generators r^j of to G"*" by 

^ ^ [ i?j if i = 0. ^ ' 

It is straightforward to see that the relations ©"([I]) are verified by the images of the generators rij in 
G"*". As for the last one, the generators rij and r;^ are not connected, so mu = ruim = niji = nijm = 2. 
We have two possibilities: either i 7^ and / 7^ or one of the numbers, i or /, is 0. 

• If z / and / / then 

i?j ^RjRl ^Rm = Ri ^^l^j ^Rm = Ri ^^i^j ^ = Ri ^RiRj^^^j = ^1 ^ RnRi ^Rl, (9) 

where we have repeatedly used the second line in 1^. Thus 4>{rij)(t){rim) = (t>{Tim)4>{rij). 
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• If, say, / = then i ^ and we have = Rj = 1 because rriQi = iriQj = 2. We calculate 

^Rj^m = Ri ^RniRj = RmRi ^Rj', (10) 

we used (Rj^Rm)^ = 1 and i?| = 1 in the first equality; in the second equality we used 

(R^^Rm)'^ = 1 and R'f = 1. Thus 4>{rij)<j){rijn) = (t){rim)4>{rij) again. 

We conclude that (p extends to a group homomorphism from to . 
Define now the map from the set of generators of G"*" to by 

: Ri ^ Ri := roi^ri-^i^ . . . ri^i for ah z = 1, . . . , n - 1, (11) 

where (0, ii, ^2, • • • , ifcj arbitrary path from the vertex to the vertex i in the Coxeter graph 

(such path exists because the Coxeter graph is connected) . Due to the relation ^ , the element Ri does 
not depend on the chosen path, thus the map ^ is well-defined. We shall assume that {0,ii,i2, ■ ■ ■ ,ik,i) 
is a shortest (that is, with minimal number of edges) path from to i. 
If j ^ i then 

K^^j = ^iifc • • • '^ho^oh ■ ■ ■ ^313 ' again by (gD, Ri^Rj = ra^ ■ ■ ■ Vi^j, 

where {i, ia, ■ ■ ■ , ib,j) is a shortest path from i to j. 

We shall verify that i?™"' = 1 for z = 1, . . . , n - 1, and (Rr^Rj)'^^^ = 1 for j = 1, . . . , n - 1 with 
i < j. It suffices to prove that {ria^ra^a2 ■ ■ ■'''akj)^''^ = 1 for a shortest path (i, oi, a2, . . . , a^, j')- If 
(fci, A;2, • • • 7 ki) is a shortest path then there is no edge in the Coxeter graph between the vertices A;^ 
and /cjy with |;U — > 1. If rriij ^ 2 the shortest path is (i, j) and {rij)"^^^ = 1. If rriij = 2 and k = 1 
(respectively, k = 2) then (rj^j . . . Va^.j)'^ = 1 by ([5]) (respectively, ©). If rriij = 2 and k > 3 we have: 

I la^i aia2 ■ ■ ■ I ak3 ) — ' lai ' aia2 ' 0203 • • • ' a^j > la^ ■ ■ ■ > a^j — > a2az ' 0102 ' iai • • • ' «fcJ ' *ai ' ' ' ' a-k3 
= faia2^a2a3 ■ ■ ■ ''"akj1~aia2 ■ ■ ■ ^a^j = ('^aia2 • • • ^a^j)^- 

In the second equality we used that (^'jai ^0102^(12(13) — ^ since iriia^ — 2; in the third equality, we used 
that Tjaj commutes with r^ga^ . . . r^^j and, since m-a^ag = 2, that (raia2^a2a3)^ = 1- These properties 
are implied by the the minimality of the path (i, ai, 02, . . . , flfc, j). The assertion follows by induction 
on the length of the path. 

We conclude that the map ■0 extends to a group homomorphism from to W'^. It is straighfor- 
ward to see that the morphisms (j) and are mutually inverse. □ 

Remark. Let {i, oi, 02, . . . , o/c, j) be any path in the Coxeter graph. As the proof shows, the relations 
([3])-(I7D imply (rja^ra^Qj • • • ^a^j)^^^ = 1- Therefore, the defining relations ([3D-([7D are equivalent to the 
following relations: 

J {riaira^a2 ■ ■ ■ i"akj)"^'^ = ^ ^uy path (i, ai, 02, . . . , ak,j) in the Coxeter graph, 

[ fijrim = fimrij for rij and rim which are not connected. 
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3. Now assume that the Coxeter graph Q is not connected. We add some 'virtual" edges labeled by 
2 to make the graph connected. More precisely, let = U ^2 U • • • U Qm be a decomposition of G 
into the disjoint union of its connected components. For a = 1, . . . ,m choose an arbitrary vertex ia of 
Qa, then, for alH = 1, . . . , m — 1, we add a virtual edge between ii and ii+i and label it by 2. Virtual 
edges will be drawn with dashed lines. The obtained graph we call a connected extension of Q. 

A connected extension is not unique. Fix a connected extension Q'^ of Q and associate a generator 
fij, i < j, to every oriented edge (virtual or not) of Q'^. The analogue of the Definition 12.11 includes 
now virtual edges. 

Definition 2.3 Two generators rij and r^i are said to he not connected if j} fl {/,m} = and 
there is no edge or virtual edge connecting any of the vertices with any of the vertices 

With this choice of the set of generators, the formulation of the Proposition 12.21 stavs the same for 
an arbitrary Coxeter system. 

Proposition 2.4 Let {G, S) be a Coxeter system with a Coxeter matrix m. The alternating subgroup 
of G is isomorphic to the group generated by rij with the defining relations {^j-f^. 

Proof. The proof goes exactly as the proof of the Proposition 12.21 The isomorphisms are still given by 

f Ri^Rj if i / 0, 
6 : < (12 

^ ^ \ Rj if i = 0, ^ ' 

and 

ip : Ri ^ roi^ri^i^ . . . ri^i for i = 1, . . . , n - 1, (13) 

where (0, ii,i2, ■ ■ ■ , ik,i) is an arbitrary path from the vertex to the vertex i in Q^. □ 

Remark. Denote by G{Q) the Coxeter group related to the Coxeter graph Q. The defining relations 
([S])-© imply that generators r^j and rki commute if the edges (i,j) and {k,l) belong to different 
connected components of Q. Indeed, either rij and r^i are not connected and they commute, or there 
is a virtual edge between, say, vertices j and k; in the latter situation, relations ([5])-(l6|) gives 

'''kll^ij = ^jfc 1^ij '''kl '''jk ~ '''ij^%'^kh 

and the assertion follows from = 1. 

Let, as above, = ^1 U ^2 U • • • U Qm', the groups G{Qa), a = 1, . . . , m, are naturally subgroups of 
G{Q). The virtual edges form a path in Q'^ and one can verify that the generators r^j corresponding 
to the virtual edges of Q"^ generate a subgroup y isomorphic to C™~^, where C2 is the cyclic group 
with 2 elements. One can also verify that each G{Qa), a = 1, . . . ,m, is stable under conjugations by 
elements of 3^. Thus, each G{Qa), a = 1, . . . , m, is normal in G{Q) and G{Q) is the semi-direct product 

y ^ {GiGi) X G{g2) ^ ■ ■ ■ X G{gm))- 

Example. Consider the Coxeter group generated by 31,82,83,54,55 with the Coxeter matrix m = 

/ 1 4 2 2 2 \ 

4 12 2 2 

2 2 1 3 3 . The Coxeter graph has two components which we connect by adding a virtual 

2 2 3 1 3 

V 2 2 3 3 1 / 
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edge between vertices 2 and 3. The figure shows oriented edges and generators corresponding to each 
oriented edge and virtual edge. With the Definition 12.31 there is only one pair of generators which are 
not connected: ri2 and r^^. 
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Fig. 1. Example of a connected extension of the Coxeter graph 

The defining relations for the generators ri2, 'r23, r34, r^^ and are: 

' {ri2Y = 1, (r34)' = 1, (rss)' = 1, {ta^? = 1, (r23)' = 1, 
r34r45r53 = 1, 

< {ri2r2zf = 1, (r23'^34)^ = 1, {r2?,rzbf = 1, 

(ri2f'23'^34)^ = 1, (n2?'23?'35)^ = 1, (r23»^34?^45)^ = 1, (?'23?'35'^54)^ = 1, 
. n2f'45 = ^^45^^12- 



4. We write explicitly the presentation of the Proposition 12.21 for the alternating groups of type A. 
The Coxeter group An is isomorphic to the group of permutations of n + 1 elements (the symmetric 
group) and the alternating group ^4+ is isomorphic to the subgroup of even permutations. We use the 
notation for the generators explained by the following figure (recall that a vertex i corresponds to a 
generator Sj of the Coxeter group and that a generator of the alternating group is associated to each 
oriented edge once an orientation is chosen; we have set := rj_i^j for alH = 1, . . . , n — 1): 



n-1 n-2 

Fig. 2. Coxeter graph of type A 

According to the Proposition 12 . 21 the group A'^ is generated by r^, i = 1, . . . , n — 1, with the defining 
relations: 

Tj^ = 1 for i = 1, . . . , n — 1, 

(nrj+i )^ = 1 for i = 1, . . . , n — 2, , , 

,2 T f . ; o (14) 

(riri+iri+2) = 1 for z = 1, . . . , n - 3, 

rirj = rjri for i, j = 1, . . . , n — 1 such that |i — j| > 2. 

The isomorphism with the group of even permutations of n + 1 elements is established by rj i— >■ 
+ l,i + 2) where + + 2) is the cyclic permutation of i, i + 1 and i + 2. In Section H] we give 
a different proof, based on the Coxeter- Todd algorithm, for this presentation of A^. 

The presentation (|14p is a local and stationary, in the sense of ^llj, presentation for the chain of 
groups A^. In [T2l a presentation of the group A^ is proved. The generators are pi, . . . , pn-i and the 
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defining relations are the same as the defining relations ()14p for the r j , except that the third relation in 
is replaced by Pipf_^iPi+2 = Pi+2Pi for z = 1, . . . , n — 3. The equivalence of the two presentations 
is given by pi i— > for i = 1, . . . , re — 1. Indeed we have 

{PiPi+lPi+2f' = PiPi+l ■ Pi+2Pi ■ Pi+lPi+2 = PiPi+l ■ PiPi+lPi+2 ■ Pi+lPi+2 = {PiPi+lf {Pi+lPi+2f' = 1- 

Conversely, 

The Coxeter-Todd algorithm given in Section [J] provides a normal form, different from the normal 
form in [12], for the elements of the group . 

Remark. The two first relations of (|14p imply that: 

< ^ = l,...,re — 2. 

[ rfri+irf = rfrf^^ ■ rf^^rf = Ti+iri ■ riTi+i = ri+irfri+i, 

Thus the generators := for i odd and r'- := ri for i even verify the Artin relation 

'i'i+l'i — 



r'M,i r'i = r'li r'r' , i for i = 1, . . . , re — 2. 



3. Central extensions of the alternating subgroups of Coxeter groups 

1. Let (G, S) be an arbitrary Coxeter system with S = {sq, • • • , Sn-i} and the Coxeter matrix m. 
Let G be the group with the generators sq, . . . , Sn-i-, a and the defining relations 

(sjSj =1 if rriij is odd, 

[siSjf^^' = a if rriij is even, (15) 
a is central and = 1. 



Let also G' be the group with the generators s'q, . . . , s'^_i, a' and the defining relations 

(16) 



(s^s;.)'"'^' = a', 
a' is central and a'^ 



When G is a discrete reflection group, G and G' are its spinor central extensions and they are non- 
trivial if there are some i ^ j, such that rriij is even In general, the groups G and G' are not 
isomorphic. Note that discrete Coxeter groups admit non-trivial central extensions non-isomorphic to 
(fT5]) or (fT6]l : see [5l [13] for the Schur multipliers of the discrete Coxeter groups. 

Denote by vr: G ^ G and tt' : G' ^ G the natural projections. Let G^ := it^^{G^) and G'^ := 
7r'-\G+). 

Our aim is to give presentations for the groups G"*" and G'^ in the spirit of the preceding Section. 
As a by-product, we shall see that the groups and G'~^ are isomorphic. 

We first give a presentation for G+. 
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Proposition 3.1 Let {G,S) be a Coxeter system with the Coxeter matrix m. The group is gen- 
erated by Ri, . 



Rn-i and z with the defining relations 

fori = l,...,n 



z is central and z^ 



1, 



for i, j = 1, . . . ,n — 1 such that i < j, 



1. 



(17) 
(18) 
(19) 



Proof. This is an adaptation of tlie proof, suggested in P], of the presentation ([2]) for the group G"*"; we 
give a sketch. Let be the group generated by the elements Ri, . . . , Rn~i and z with the defining 
relations (fT7|) - p^ . Define the map (j) from the set of generators {Ri, ■ ■ ■ , Rn-i, z] to by: 



<^{Ri 



SQSi 



1, . . . , n — 1, and 



a. 



(20) 



This map extends to a surjective homomorphism from W'^ to G^, which we denote by the same 
symbol (p. We will show that (p is an isomorphism. 



One checks that the map uj given by u}{Ri) = R- 



1, 



1, and uj(z) = z extends to an 



involution of W~^, defining thereby the semi-direct product C2 x , where C2 is the cyclic group of 
order 2. Let s be the generator of C2. One verifies that the following maps 



So i-> s, Sj I— )• sRi 



1, . . . , n — 1, a I— )• 



s I— >• So, Ri i-> SQSi, i = 1, . . . , n — 1, z I— >• a, 

extend to homomorphisms ipi : G — )• C2 tx and ip2 '■ G2 x W'^ — )• G such that ?/'i'02 = Id, 
and 'ip2'^i = Id(^. The restriction of ipi to G^ induces the homomorphism inverse to (p. 

Recall our convention for the orientation of edges of a Coxeter graph or of a connected extension 
of it: if there is an edge between vertices i and j, i < j, then it is oriented from i to j. Associate a 
generator fij of G"*" to each generator r jj of G^ . Denote by rji the inverse of f jj , fji 
the Definition 12.31 to the generators fij. 



C2KW+ 
□ 



f-/. Extend 



Proposition 3.2 Let {G,S) be a Coxeter system with the Coxeter matrix m.. The group G"*" is gen- 
erated by fij and z with the defining relations 



^TfL^j 1 



{hjfjkrklf = z 

'^ij^lm ~ '^Im^ij 

z is central and z^ 



for all generators fij, 
for cycles with edges (iii), (^1^2) • • • , (iai), 
for fij,fjk such that i < k and ruik = 2, 
for fij,fjk, fkl such that i < I and mn = 2, 
for fij and fi^ which are not connected. 



We omit the proof as it goes along the same lines as the proof of the Proposition 
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We give without details the presentations for G'^ . The generators of the presentation for G'~^ 
analogous to the one given in the Proposition 13.11 will be denoted by R'^^ . . . , R'^_i and z' . The 
defining relations are 



z' is central and z 
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for i = 1, . . . , n — 1, 

for i, j = 1, . . . , n — 1 such that i < j, 

1. 



For G'~^ , the generators of the presentation analogous to the one given in the Proposition 13.21 will be 
denoted by f'- and z' with the same conventions as above. The defining relations are 



Z 



for all generators f[-, 
for cycles with edges (iii), (^1^2) • • • > ij'a'i)-, 
for such that i < k and rriik = 2, 

for r'-j,fjj^,r'j^i such that i < I and mu = 2, 
for f'- and which are not connected. 



z' is central and z'^ = 1. 
Proposition 3.3 The extensions G^ and G'^ of the group G~^ are isomorphic. 

G"+ defined on generators by fjj 1— )• z'r'^j and z t-^ z' establishes the 



Proof. The homomorphism G^ 
required isomorphism. 



□ 



2. Fix, for type A, the numbering of the vertices and orientation of the edges as shown in Fig. [2] and 
set fi := rj_i^j, i = 1, . . . , n — 1. The group is the spinor cover of the alternating group A^. The 
presentation for A'^ from the Proposition 13.21 reads 

(fjfi+i)2 = z, 

< = z, (21) 

^i'^j = ^j^i if M - i |> 2, 

z is central and = 1. 

v 

This presentation equips the chain of the spinor extensions of the alternating groups of type A with 
a structure of a local and stationary tower. 



3. The Schur multipliers for the alternating groups were calculated by Schur in [lOj; Maxwell [6] 
generalized this result to alternating subgroups of finite Coxeter groups and gave a presentation, in 
the spirit of ([2]), of the corresponding central extensions. It is straightforward - although lengthy - to 
transform this presentation (for all the central extensions of the alternating groups of all finite Coxeter 
groups) to the presentation which uses generators related to the oriented edges of the Coxeter graph. 
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As an example we give, omitting details, the presentations for type A. The Schur multiplier of 
is C2 if n ^ 3, n 7^ 5, 6, and C2 x C3 if n = 5, 6; here Cm is the cyclic group with m elements. We 
describe the central extensions of the groups and with the kernel C2 x C3; these extensions are 
universal central extensions since each of the groups A^ and Aq is perfect, that is, it coincides with 
its commutator subgroup. As above, we associate a generator fj, i = 1, . . . , n — 1, to each oriented 
edge of the Coxeter graph, see Fig. [2l 

• The universal central extension of A'^ is generated by fi, f2, ^3, f^, z and C, with the defining 
relations: 

' ff = l for i = 1, . . . , 4, 

(fif2)^ = Z, {f2h)'^ = zC, (f3f4)2 = z, 

< (fif2f3)2 = z, {f2hrAf = Z, (22) 
fif4 = C^r4fi, 

, = 1 and z is central, = 1 and C, is central. 

• The universal central extension of ^4^ is generated by n, f2, f3, f4, fs, z and C, with the defining 
relations: 

' ff = 1 for i = 1, . . . , 5, 
(fifj+i)2 = z for i = 1, ... ,4, 

< {fif2fzf = z, {f2fzfAf = zC, {hrihf = z, (23) 
fif4 = Cr4n, r2f5 = Cr5r2, nfs = C^fsn, 

, = 1 and z is central, = 1 and C is central. 

4. Coxeter— Todd algorithms and normal forms for alternating groups 
of types A, B and D 

Let G be a finite group with a given presentation by generators gi, ■ ■ ■ ,gm and the set of defining 
relations TZ. Let I be a subset of {!,... ,m} and H the subgroup of G generated by ga, a & I. The 
Coxeter-Todd algorithm for the pair (G, H) constructs the set of the left cosets of -ff in G and the 
action of the generators on this set [3]. The result of a Coxeter-Todd algorithm is a figure whose 
vertices are labeled by left cosets and the arrows stand for the action of the generators. The algorithm 
starts with the left coset H; only the generators ga, a ^ I, may act non-trivially on this coset and give 
new vertices. At each step we analyze, using the relations from TZ, the action of the generators on 
vertices and draw new vertices or identify existing vertices. The algorithm is finished when we know 
the action of all generators on every coset in the figure. 

The Coxeter-Todd algorithm for (G, H) lists the left cosets and thus provides a normal form for 
elements of G with respect to H. The algorithm implies an upper bound for the cardinality of G. 
Namely, let T-L be the abstract group with the generators ga, a £ I; the set of defining relations for T-L 
is the subset of TZ consisting of those relations which involve only the generators ga, a £ I. There is a 
natural surjection Ti H therefore the cardinality of G is less or equal than the numbers of vertices 
in the figure times the cardinality of Ti. For the chain {1} = Go C Gi C • • • C G„, C . . . of groups, 
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we construct recursively the global normal form for elements of any G„ using the normal form for 
elements of Gk with respect to G^-i, k = 1,2, ... ,n. 

Here we exhibit results of the Coxeter-Todd algorithm for the chains of the alternating groups of 
types A, B and D with the presentation of the Proposition 12.21 As a matter of comparison we also 
give in each case Coxeter-Todd figures for the alternating groups with the presentation ([2]), for the 
alternating groups with a presentation a la Carmichael and for the Coxeter groups with the standard 
presentation ([1]). Each time the normal form follows straightforwardly from the Coxeter-Todd figure; 
we illustrate it on the example of the chain of the alternating groups of type A. 

The subgroup chosen for realizing the Coxeter-Todd algorithm is always denoted by H. In a 
Coxeter-Todd figure, when the action of a generator g on a coset Y is not specified it means that 
gY = Y. For a generator of order 2 an unoriented edge represents a pair of oppositely oriented edges. 
The action of a generator of order 3 (respectively, 4) is often represented by an oriented triangle 
(respectively, quadrilateral); the generator is written inside it. We indicate the coset (in the form uH 
with u a word in the generators) at each vertex of the Coxeter-Todd figure only for type A; in general, 
it can be easily found following the edges from the vertex H in the figures. 



4.1 Type A 

The vertices and oriented edges of the Coxeter graph of type A are labeled as on Fig. O Section [2l 
The Coxeter group An is generated by sq; ■ ■ ■ , Sn-i with the defining relations 

sf = I for i = 0, . . . , n — 1, 

SiSi+iSi = Sj+iSjSj+i for i = 0, . . . , n - 2, (24) 
SiSj = SjSi for i, j = 0, . . . ,n — 1 such that \i — j\ > 1. 

The group An is isomorphic to the group of permutations of the set {1, 2, . . . , n + 1}. The isomorphism 
is given by Sj i-7> (i + 1, i + 2), i = 0, . . . , n — 1. 

Let H be the subgroup generated by sqi • • • > s„_2; here is the Coxeter-Todd figure for {An,H): 



Sn-2 



H 



Sn-lH 



So 



So - . . Sn-lH 



Fig. 3. Coxeter-Todd figure for (An,H) for the presentation [24\ ) 

We give Coxeter-Todd figures for three presentations of the alternating group A^. In each situ- 
ation, H is the subgroup generated by the first n — 2 generators. The first two presentations can be 
found in [3]. The second one is the presentation ([2]). The third one is the presentation ()14p . To illus- 
trate the usefulness of the Coxeter-Todd algorithm we reestablish that these are indeed presentations 
of the group A^ and find three normal forms for elements of A^. 

1. In Carmichael presentation [3] the generators are oi, . . . , a^-i with the defining relations 

( af = l fori = l,...,n-l, 

\ {aiaj)"^ = 1 for i, j = 1, . . . , n — 1 such that i < j. 
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aial_^H 




Fig. 4. Coxeter- Todd figure for {A^,H) for Carmichael presentation (2l 

We geometrically interpret the Carmichael presentation as follows: fix the oriented edge (0, 1) in 
the Coxeter graph of type A and take ai := sqSi. The other generators are obtained by consecutive 
conjugations of oi by the Coxeter generators, namely Oj := SiUi-iSi, i = 2,...,n — 1. The set 
{ai, . . . , ffln-i} is a generating set for the alternating group with the defining relations 



2. Moore presentation is the presentation ([2]). The generators are R 



1) 



, Rn-i with the defining 



relations 



' Rl 

2 



1, 

Rf = l 

{Ri^Ri+i, 



3 = 1 
= 1 



for i = 2 . . . , n — 1, 
for i = 1, . . . , n — 2, 
for J = 1, . . . , n — 1 such that \i 



Rn- 



Rn-2 



H 



Rn-lH 




■ Rn-lH 



, R„ 



(26) 



R\R2 ■ ■ ■ i?„-2-ff 

Fig. 5. Coxeter-Todd figure for {A^,H) for Moore presentation 126\) 
3. In the presentation ()14p of the generators are ri, . . . , r„_i with the defining relations 



i+l) 



{rir. 
{riri+iri+2)'^ 



for i 
for i 
1 for i 



l,...,n 
l,...,n 
l,...,n 



1, 
2, 
3, 



(27) 



for i,j = 1, 



1 such that \i — j\ > 2. 
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Fig. 6. Coxeter-Todd figure for {A'^,H) for the presentation (f^7| j, n even 

Tn-lH Tn-Srn-lH . . . Tn-sTn-lH r2r4 . . . Tn-ZTn-lH 





Fig. 7. Coxeter-Todd figure for (A^,H) for the presentation {21), n odd 



4. By induction on n, an upper bound, implied by the Coxeter~Todd algorithm, for the cardinality 
of the group defined by ([25]) or ([26]) or ([27]) is n!/2 in each case. The converse inequality is implied 
by the following surjective morphisms onto the group of even permutations of n + 1 elements: 

• For Carmichael presentation ([25]) : a, (1, 2, i + 2), i = 1, . . . , n — 1. 

• For Moore presentation ([26]) : Ri i— )■ (1, 2){i + 1, i + 2), i = 1, . . . , n — 1. 

• For the presentation ([27]) : i->- (i, i + 1, i + 2), i = 1, . . . , n — 1. 

This concludes the proof that each of the groups - defined by (|25p or (|26p or (|27p - has the cardinality 
n\/2 and is isomorphic to the group A^^ (thus the morphisms above are the isomorphisms). 

For each of the three presentations, the Coxeter-Todd figure gives a list £"„, of elements of such 
that any x E can be written as where h E and Un E E^, the set En is in bijection with 

the set of vertices of the Coxeter-Todd figure. The element h in turn can be written in a normal form 
with respect to ^^_2- Continuing we obtain recursively three normal forms for elements of A^. 

Proposition 4.1 Let be given by Carmichael presentation Ii25\) . Any element x E A^ can be 
uniquely written as x = UnUn-i ■ ■ ■U2 where Ui E Ei, 



Ei = [l, Qi-i, a^_i, ai-2ai_i, . . . , a2ai_i,aia^_ij 



,n. 
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Proposition 4.2 Let A'^ be given by Moore presentation Ii26\) . Any element x € A'^ can be uniquely 
written as x = UnUn-i ■ ■ ■U2 where Ui G Ei, 



Ei — {l, Ri-^i,Ri-2Ri~i, ■ ■ ■ , R1R2 ■ ■ ■ Ri-i, R1R2 ■ ■ ■ Ri~i} , i — 2, . . . , 



n. 



Proposition 4.3 Let A,^ be given by the presentation \2T^ . Any element x G can be uniquely 
written as x = UnUn-i ■ ■ ■U2 where Ui G Ei, i = 2, . . . ,n, and 

• ifiis even, Ei := {l, ri_i, rj_3rj_i, . . . , rirs . . . ri_3ri_i, rj2_i, rj_2rf_i, . . . , r2r4 . . . rj_2rf_i}, 

• ifi is odd, := {l, ri_i, ri_3ri_i, . . . , r2r4 . . . ri_3ri_i, rf.^, ri_2rf_i, . . . , nra . . . rj_2rf_i}. 

4.2 Type B 

We label the vertices and oriented edges of the Coxeter graph of type B as follows. 

-. rn-i r„_2 r2 D_ 



Sn-1 Sn-2 Sq 

Fig. 8. Coxeter graph of type B 

The Coxeter group Bn is generated by sq, • • • , with the defining relations 
s? = 1 for i = 0, . . . , n — 1, 

SoSiSoSi = SiSoSiSo, 

SiSi+iSi = Si+iSiSi+i for i = 1, . . . , n - 2, 

SiSj = SjSi for i, j = 0, . . . , n — 1 such that |i — j| > 1. 



(28) 



The group Bn is isomorphic to the wreath product C2 I An-i of the cyclic group C2 of order 2 
by the symmetric group An-i- Denote by 7 the generator of C2 and by 1^^ the unit element of 

C2. Let 7^*) := (1^^ , • • • , ) 7) ' • • • ' ^02^^ ^ ~ 1) • • • > be the element of C2 with 7 in position 
i and 1^^ anywhere else; let := {l^^^ , • • • , l^j) denote the unit element of C2 and 1^ ^ the unit 

element of An-i- The isomorphism between B^ and C2 I An-i is given by sq ^ (7(^),1^ ^) and 

Si ^ [l^„,{i,i + 1)), i = 1, . . . ,n - 1. 

Let H be the subgroup generated by sq, • • • , Sn-2; here is the Coxeter-Todd figure for {Bn,H)'- 

^ Sn-l ^ Sn-2 ^ ^ ^1 ^ ^0 ^ ■§! ^ ^ ■Sn-2 ^ -Sn-l ^ 



Fig. 9. Coxeter-Todd figure for {Bn^H) for the presentation 

This is an analogue - for the group B^ - of the Carmichael presentation (the distinguished oriented 
edge is (0, 1)): 
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the alternating group is generated by ai, . . . , a„-i with the defining relations 



4 = 1 



for i = 1, . . . , n — 1, 
for i = 2, . . . , n — 1, 



{aiaif = 1 

{alaif = 1 for i = 2, . . . , n — 1. 

^ = 1 for i, j = 2, . . . , n — 1 such that i < j. 



(29) 



(aiajOiaj 

, respectively the presentation of the Proposition 12. 2^ reads: 



is generated by . . . , Rn-i with the defining relations 



The presentation ^ 

• the alternating group 

R\ = l, 

Rf = l for i = 2, ...,n-l, 

iR-^Ri+if = l for i = l,...,n-2, 



(30) 



(i?rii?,f = 1 



for i, j = 1, . . . , n — 1 such that |i — j| > 1; 



respectively, the alternating group B^ is generated by ri , . . 

for i = 2, . . . ,n — 1, 



r„_i with the defining relations 



rf = l, 
rf = 1 



(rjrj+i)2 = 1 for z = 1, . . . ,n - 2, 
{riri+iri+2f = 1 for z = 1, . . . , n - 3, 



(31) 



for i, j = 1, . . . ,n — 1 such that — j[ > 2. 



Denote by eo the sign character of An-i- Let e^^ : ^ {—1, 1} be the homomorphism defined 
by (7^*^) = — 1 for z = 1, . . . , n. The alternating group B^ of type B is isomorphic to the subgroup 
of C2 I An-i formed by elements {g,TT), vr G An-i and g G C2, such that (5()eo('/r) = 1. The 
isomorphisms are given by: 

• for the presentation ([29]) . 1-^ (7^^^ (1, i + 1)) , z = 1, . . . , n — 1. 

• for the presentation pO]) . Ri i-)- (7*-^-*, (z, i + 1)) , i = 1, . . . , n — 1. 

• for the presentation (f3T]) . ri 1-^ (7^^^ (1, 2)) and 1-^ (l^„ , (i — 1, i, z + 1)) , i = 2, . . . , n — 1. 
Let H be the subgroup generated by oi, . . . , 0^-2, or by . . . , Rn-2, or by ri, . . . , r„_2. 
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Fig. 10. Coxeter-Todd figure for {B^, H) for the presentation [^) 




Fig. 11. Coxeter-Todd figure for (B^ , H) for the presentation hSOfl 



H 




Fig. 12. Coxeter-Todd figure for (-B^, H) for the presentation l37]) . n even 

H 




Fig. 13. Coxeter-Todd figure for {B^,H) for the presentation llcll]) . n odd 



As for type A, the Coxeter-Todd figures for the presentations ([29l) . ([30|) and ([3T]) provide three 
normal forms for elements of the alternating group B^. We omit details. 

Remark. The complex reflection group G{m, l,n) is generated by sq, • • • , Sn-i with the same 
defining relations as in (p8|) . except that Sq is replaced by Sg* = 1. For m = 1, 1, n) is the group 
An-i; for m = 2, G(2, l,n) is the group -B„. Let H be the subgroup of G(m, l,n) generated by sq, 
. . . , s„_2- The Coxeter-Todd figure for (G{m, 1, n), if) , see [9], generalizes Fig. [3] and Fig. [9l 
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4.3 Type D 

We label the vertices and oriented edges of the Coxeter graph of type D as follows. 




si 




Sn-l Sn-2 



•Si 

Fig. 14. Coxeter graph of type D 
The Coxeter group Dn is generated by sq, • • • , Sn-i with the defining relations 
s? = 1 for z = 0, . . . , n — 1, 

S0S2S0 = S2S0S2, SiSi+iSi = Si+iSiSi+i for i = 1, . . . ,n - 2, 
■sosi = siSq, sqSi = Si-SQ for z = 3, . . . , n — 1, 
SiSj = SjSi for i, j = 1, . . . ,n — 1 such that |i — j| > 1. 



(32) 



The group Dn is isomorphic to the subgroup of C2 I An-i formed by elements (g,vr), vr G 
and 5 G C2, such that (9) = 1. The isomorphism is given by sq i-)- (7^"^^7^^\ (1, 2)) and Si i-> 

(lp„ , (i, z + 1)) for z = 1, . . . , n - 1. 

Let H be the subgroup generated by • • • j Sn-2; here is the Coxeter-Todd figure for H): 




Sn-2 _ S^-i 



1^ 



Fig. 15. Coxeter-Todd figure for {Dn,H) for the presentation (3, 

This is an analogue - for the group with n > 3 - of the Carmichael presentation (the distin- 
guished oriented edge is (0,2)): 

• the alternating group D+, n > 3, is generated by oi, . . . , a„_i with the defining relations 

a? = 1 for i = 1, . . . , n — 1, 

(aiflj)^ = 1 for i = 2, . . . , n — 1, 

(a^aj)^ = 1 for i = 3, . . . , n — 1, 

(ojaj)^ = 1 for i,j = 3, . . . , n — 1 such that i < j. 

The presentation ([2]), respectively the presentation of the Proposition 12.2^ reads: 



(33) 
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• the alternating group is generated by . . . , Rn-i with the defining relations 

r = 1, 

\ W = \ for i = 1, . . . , n — 1 and i 7^ 2, , ^ 

I (i?rii?i+i)3 = 1 for i = l,...,n-2, ^ ' 

y (R^^Rj)"^ = 1 for i, J = 1, . . . , n — 1 such that \i — j\ > 1; 

• respectively, the alternating group D^, n > 3, is generated by ri, . . . , r„_i with the defining 
relations 

' rf = 1 for i = 1, . . . , n — 1, 

(rir|)2 = 1, (rir3)2 = 1, (riri+i)^ = 1 for i = 2, . . . , n - 2, 
< (rir3r4)2 = 1, (riri+iri+2)^ = 1 for i = 2, . . . , n - 3, (35) 

riTj = r^ri for i = 5, . . . , n — 1, 
, rjrj = Tj-rj for z, j = 2, . . . , n — 1 such that \i — j\ > 2. 

The alternating group of type D is isomorphic to the subgroup of C2 I A^-i formed by elements 
((7, tt), vr G j4„_i and g € C2, such that e^.„{g) = 1 and eo(vr) = 1. The isomorphisms are given by: 

• for the presentation ([55]) . 

ai ^ (7(1)7(2), (1,2,3)), 02 ^ (7(^)7^'^ (1,3, 2)) andoi ^ (7(^)7^'^ (1, 2, «+l)) , i = 3, . . . , n-1. 

• for the presentation 

i?^ ^ (^(1)^(2) ^ ) and i?, ^ (7(1)7(2) , (1, 2) (i, i + 1)) , i = 2, . . . , n - 1. 

• for the presentation 

ri ^ (1^„ ,(1,2, 3)) , r2 ^ (7(1)7(2) , (1, 2, 3)) and r, ^ (l^„ , (i - 1, i, i + 1)) , i = 3, . . . , n - 1. 
Let H be the subgroup generated by oi, . . . , a„_2, or by iii, . . . , Rn-2, or by ri, . . . , r„_2. 




Fig. 16. Coxeter-Todd figure for (D^ ,H) for the presentation 133\) 
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Ri 

Fig. 17. Coxeter-Todd figure for {D^,H) for the presentation 




Fig. 18. Coxeter-Todd figure for {D^,H) for the presentation Ii35\) . n even 




Fig. 19. Coxeter-Todd figure for {D^, H) for the presentation (f35|). n odd 

The Coxeter-Todd figures for the presentations ()33p . ()34p and (|35p provide three normal forms for 
elements of the alternating group D^. We omit details. 

Acknowledgements. We thank I. Marin, J. Michel, O. Brunat, C. Blanchet for useful discussions. 
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